Real-Valued and 2-Rational Group Characters
The work presented here is largely concerned with the interaction between the real-valued irreducible characters of a finite group and the 2-regular elements (elements of odd order) in that group. This interaction can be studied in some detail because wc can exploit two types of pairing: that of an irrcduciblc charactci which is not real-valued with its complex conjugate, and that of a nonrcal conjugacp class with the corresponding class of inverses. Similar ideas can be used to investigate the influence of 2-regular elements on irreducible characters of a group that arc 2-rational, and we have included some simple results concerned with the number of ,-rational characters possessed by a group. Our methods show certain similarities with those that have been employed in the theorv of 2-blocks, and so we have given some block-theoretic interpretations to our results.
The paper is divided into seven sections. Section I briefly describes how the Brauer-Witt theorem can be used to reduce certain problems about real-valued characters to the same problems stated in terms of real-valued characters of two classes of subgroup of G. Section 2 investigates the real-valued characters of one of the classes of subgroup described in the Brauer-Witt theorem. Such subgroups have the form AC,', where =1 is the cyclic subgroup generated by a nonidentity real element I7 of odd order and 1,. is a Sylow 2-subgroup of c*(/7). Attention is drawn to what we have called weakly real 2-regular elements, that is, elements of odd order that are real but are not inverted by an involution. Section 3 deals with estimates of the number of irreducible 2-rational characters. In Section 4, we give some sufficient conditions for the existence of real-valued irreducible characters with Schur index 2 over the real numbers.
In Section 5, \ve apply some of our results from Sections 3 and 4 to the study of 2-blocks of characters. In particular, some properties of real 2-blocks are given. We investigate the influence of normal subgroups on real-valued characters in Section 6. The final section is devoted to real-valued characters of 2-nilpotent groups. We give a solution to Brauer's problem concerning the number of real-valued irreducible characters of FroheniussSchur invariant 1 for a 2-nilpotent group whose Sylow 2-subgroup is Abelian. The answer is given in terms of the number of strongly real and weakly real classes in the group. The notation used is standard and conforms to that used in an earlier paper of the author [6] . All groups considered in the paper are taken to be finite.
THE BRAUER-WITT
THEOREM Let x be an irreducible character of the group G. The FrobeniusSchur invariant, C(X), of x is defined by C(X) = (1 /I G i) C x(g'). We have C(X) == 0 if and only if x is not real-valued, C(X) := I if and only if x is the character of a real representation of G, and E(X) =z ~ 1 f i and only if x is real-valued but is not the character of a real representation.
The Frobenius-Schur invariant (hereafter shortened to F-S invariant) of a real-valued irreducible character can be studied by means of the Brauer-Witt theorem [5, 15.12, p. 841 . We state here a version of this theorem, whose proof follows easily from maximality arguments of a kind used by Benard in [9, Sect. 31 . THEOREM 
Let x be a real-valued irreducible character of the group G.
There is a subgroup H of G and a real-valued irreducible character 0 of Hfor which (0, xu) is odd. H can be taken either to be a Sylow 2-subgroup of G or to have the form ,4U, where iz is a cyclic subgroup of odd order generated by a real nonidentity element h and U is a Sylouy 2-subgroup of C*(h). In the second case it can be assumed that iz is not in the kernel of 0. We have ~(0) =m E(X).
EVALUATION OF SOME F-S INVARIANTS
We begin our discussion in a general setting and then specialize our arguments to groups of the form .4 U described in Theorem 1.1. Let S be a subgroup of index 2 in the group T. For each irreducible character 0 of S, we define an invariant, q(O), of 0 (the invariant depends on T). Like the F-S invariant, ~(0) takes only the values 0, 1 or -1. The numbers ~(0) also give information about the number of involutions in T -S. We will describe only the circumstances in which ~(0) = ~ 1 since this is what we will need in our applications. LEMMA 2.1. Let S be a subgroup of index 2 in the group T. If 0 is an irreducible character of S, define ~(0) = (111 S 1) CTms O(P). Then ~(0) = 0, I or -1. iVe have ~(0) = -1 if and o&v if one of the following holds: 0' is irreducible and ~(0') = -1; ~(0) = 1 and 0 can be extended to a character of T that is not realvalued; e(O) = -1 and 0 can be extended to a real-valued character of T. The sum C q(O) O( 1), extending over all irreducible characters of S, equals the number of involutions in T -S.
Proof. Let t be an element of 1' -S and let 8r be the conjugate character 81 of 0. Let US suppose first that 0, # 0. It follows that BT is an irreducible character of T. Since we clearly have ~(0) = ~(0,) and ~(0) = T(e,), evaluation of<(@) shows that <(eT) = ,(e) t $0). Examination of the proof above shows that there are three ways in which T(0) = -I can arise and these are exactly those described in the statement of the lemma. The formula for the number of involutions in T -S is a consequence of the familiar Frobenius-Schur involution formula. This completes the proof. We now restrict our attention to groups of the form N = AU, where i-1 is generated by a nonidentity real 2-regular element h and U is a Sylow 2-subgroup of C*(h). Let V be the subgroup of index 2 in U that centralizes h. It is easy to see that the irreducible characters of H that are nontrivial on A have the form (AO)H, where h is a nontrivial irreducible character of Aq and B is an irreducible character of 1'. The F-S invariant of these characters is decided by the values of y(0), as the next lemma indicates. Thus H has real-valued irreducible characters x with c(x) m=-~ I whenever Ihas characters 0 with q(0) = -1. Th e next lemma is a sufficient (but not necessary) condition for the existence of characters with T(Q) : -1. Proof. By assumption, there are no involutions in c,--17. Thus by Lemma 2.1, C q(0) 0( 1) = 0, the sum extending over all irreducible characters of I'. Since the identity character of V clearly contributes I to this sum, there must be some 0 with q(B) r= -1, as required. Now Z! does not split over V precisely when h is not strongly real. We will say that an element that is real but not strongly real is weakly real. Weakly real elements of odd order often have an influence on the F-S invariants of the characters of an arbitrary group as the next result and Theorem 4.1 show. THEOREM 2.4 . Suppose that G is a group whose Sylow 2-subgroup is either dihedral or semidihedral. Then if G has an irreducible character x with e(x) = ~ 1, G has a weakly real element of odd order.
Proof. Since neither a dihedral nor a semidihedral group has an irreducible character with F-S invariant -1, it follows from Theorem 1.1 that there is a subgroup H of G and an irreducible character 4 of H with e(C) = -1. H = AU, where 4 is generated by a real nonidentity element h of odd order and U is a Sylow 2-subgroup of C*(/z).
Let us first assume that the Sylow 2-subgroup of G is dihedral. It follows that 0' is cyclic or dihedral. Since H has a real-valued character + with ~(4) = -I, Lemmas 2.1 and 2.2 imply that U has an irreducible character which is either not real-valued or has F-S invariant -I. Neither of these cases can occur in a dihedral group and so CT must be cyclic of order at least 4. This means that h is weakly real.
We turn to the case where the Sylow 2-subgroup is semidihedral. C; must either be cyclic of order at least 4, quaternion, dihedral, or semidihedral. The first two possibilities imply that h is weakly real, as both types of group contain a unique involution. The third possibility cannot arise, by the argument of the previous paragraph. Thus we can assume that U is semidihedral. The faithful irreducible characters of U are not real-valued, whereas those that are not faithful have F-S invariant I. Let V be subgroup of index 2 in U that centralizes h. Reference to Lemmas 2.1 and 2.2 indicates that 4 has the form (hO)H, where 0 is a character of V with ~(0) = 1 and 0 can be extended to a character /31 of Z: that is not real-valued. It follows that Or must be faithful. b' is either cyclic, quaternion, or dihedral. Since 0 must also be a faithful real-valued character of I,, we can rule out the possibility that P7 is cyclic. Similarly, as c(O) == 1, while all faithful irreducible characters of a quaternion 2-group have F-S invariant -I, 1,' cannot be quaternion. Finally if I,' is dihedral, it contains all involutions in U and so h is weakly real (this case can actually arise). This completes the proof.
Let us consider the converse of 2.4. Suppose that G has a dihedral Sylow 2-subgroup. It is easy to see that if h is a weakly real element of odd order, C*(h) has a cyclic Sylow 2-subgroup. It follows from [6, Theorem 21 that G has an irreducible character x with c(x) = -1. Thus we have the following result: THEOREM 2.5. Let G be a group whose Svlow 2-subgroup is dihedral. Then G has real-valued irreducible characters x satisj@g C(X) == -1 if and o&v if G has weaklv real elements of odd order.
R. GOW
The converse of Theorem 2.4 for a group whose Sylow 2-subgroup is semidihedral will be investigated in the Section 4.
ISTIMATES 0~ THE NUMBER OF Z-RATIONAL

CHARACTERS
Let G be a group of order ?h, (h, 2) _ I, and let Q,,;, , 0, be the fields obtained bv adjoining primitive G th and hth roots of unity to the rational field. Let s be the ring of algebraic integers in Q,, and let P be a maximal ideal in S containing the prime 2. We will write s 0 if the element x of S belongs to P. A character ,y of G is said to bc '-rational if the values taken by x lie in the field 0, C'alculations of the exact number of irreducible 2-rational characters possessed by a group tend to be complicated by the fact that the Galois group of 01,; over Q,, is not cyclic, so that Brauer's permutation lemma for group characters cannot he applied However, the Galois group is a 2-group and this enables us to give estimates of the number of irreducible 2-rational characters in terms of the number of 2-regular classes in the group. Our proof uses a method due to Rrauer [I, p. 4121 . THEOREM 3.1. Let G be a group which has t 2-re&av classes. Let h, ,..., 11, be representatives of these classes. There exist t irreducible ?-rational characters x1 ,..., x1 qf G which satisf?, det ,yl(hj) * 0, I i, j --t.
Proof. G has at least one irreducible I T-rational character, the trivial character. If our statement above is not true, we can find elements zlr ,...~ U, of S, with some zl,, + 0, such that for any irreducible 2-rational character x of G, &, z~~x(lr~) bum 0. Thus if 19 is any S-linear combination of 2-rational irreducible characters, x:-r u,B(jrJ zm 0.
Let Ag be the cyclic subgroup generated by II = h,, , with A+f ~= WZ. Let Ibe a Sylow 2-subgroup of C(h) and let N =-: AJ17. Let A, ,..., A,,, be the irreducible characters of -4. Each Xi can be extended to a linear character IL, of H by putting &kjz.) = Ai for z in V. Let Bi be the induced character !kI(;. We observe that Hi is 2-rational. Now put B ~~ ~~~, &(h)O,; 6, 1s an S-linear sum of 2-rational characters and is thus 2-rational. 'The definition of induced characters and the orthogonality relations for group characters in ,-I show that U(hi) =-0 ifj m; k, B(h) ; 0.
Let IV be the Galois group of Q;r,i over 0, . If b, = x nix, , where the a, are in S and the X, are irreducible characters of G, we have 0 ~: RU = C aixz" for u in It'. The action of Won the irreducible characters of G partitions the characters into orbits; an orbit consisting of a single character if and only if the character is 2-rational. Moreover, the number of characters in an orbit is a power of 3. Suppose that II' has r orbits on the irreducible characters of G and that 4, denotes the sum of the characters in the jth orbit. We have 6' pm xi_, aj$, Since the elements h, are 2-regular, we have x"(cli) = x(hi) for any irreducible character x and (T in IV. Thus $j(hi) == 0 unless the jth orbit contains a single character. It follows that 0 m~mz i3' = z ajxj , where the sum extends only over irreducible characters that arc 2-rational. We have B'(h,) & 0, #(Ai) p: 0, i 1 k, and SO il UiW(hJ -1 u,H'(h,) "= 0.
Since 8' is an S-linear combination of irreducible 2-rational characters, this contradicts our earlier supposition. It follows that 2-rational irreducible characters with the required property exist.
It is possible to use this argument to obtain similar information on the number of irreducible 2-rational characters that are real-valued. Suitable modification of the argument used in [6, Theorem l] leads to the following result.
'~'HEOREM 3.2. Let G be a group of even order which possesses s real classes of 2-regular elements. Then G possesses at least s -+-1 irreducible 2-rational realzsalued characters with F-S invariant I.
If we take into account 2-regular elements whose centralizers have even order, the estimates in Theorem 3.1 can be improved. 'I'IWOREM 3.3 . Let G be a group of even order which has t 2-regular classes. Let h, ,..., h, be representatiz>es of these classes. Suppose that the notation is chosen so that C(h,) has even order, 1 .( i :g Y. Then G has at least t A-Y irreducible 2-rational characters.
Proof. Let x1 ,..., xn be the irreducible characters of G, with x1 ,..., ,y,,[ the irreducible 2-rational characters. By the orthogonality relations for group characters we have We again let Wdenote the Galois group ofQ1.I over& . We have xkO(hi) zku(hj) = xJhj) );il,(lzj) for (3 in IV. Thus if we partition the irreducible characters into II'-orhits, we obtain where the sums now run over 2-rational characters.
Let B be the t K m matrix xi(hj), 1 :< i < MI. I .' j a< t. B has rank t modulo P by Theorem 3.1. If C is the conjugate transpose matrix of B, C also has rank t modulo P. Our modified orthogonalitv relations show that BC has rank t ~-I module P. General results from the theory of matrices imply that t t ~~ 111 t -Y and so wz '-; t (-Y, as required.
Again, we can take into account those 2-regular classes that are real. An analogous proof yields: THEOREM 3.4. Let G be a group of even order which has zl 2-reCgular real classes. Suppose that 7.0 of these classes have centralizers of even order. Then G has at least 29 .-zu real-valued irreducible '-rational characters.
This number exceeds the estimate of Theorem 3.2 by ZL' -I. However, we cannot expect to say much about the Schur indices of these additional realvalued characters. The results of this section admit interpretations in block theory, which will be explained in Section 5.
SUFFICIENT CONDITIOKS FOR CHARACTERS ~~'ITH INVARIASY -~-I
We continue with the notation of the previous section. In [6, Theorem 21 vve showed that if h is a weaklv real element of odd order whose centralizer has an Abelian Sylow 2-subgroup, then G has an irreducible real-valued character x satisfying C(X) -I and x(h) :,-0. We wish to give a simple generalization of this result to a larger class of 2-groups. VVe will show later that this generalization is the best that we can hope for without sacrificing the condition that ~(11) ; 0. THEOREM 4. I. Let G be a group that has t weakly real classes 04. odd order. Let h, ,..., h, be representatives of these classes. Let CT; be a Syloec 3-sub<qroup of C*(hi) and I-, a subgroup of index 2 in c', that centralizes h, ~%#me that I r,'i r-i does not split over V7ilF7z! , I :I. i y.Y t. Tken G has t real-valued iweducible characters x1 ,.... x, with &,) = ---I, I cs i -K t, and det xi(lzj) z' 0, I i, j t.
Proof. Let If denote any of the elements lr, and let I' I', . I' I, rut H =: zdl~7, where z-l is the cyclic group generated by k. Our arguments will apply to H/I-'. so we may as well suppose that I' is Bbelian. 'I'hus we are assuming that c-does not split over I'. Ry Theorems 2.3 and 2.2 we know that for each nontrivial irreducible character h of A-1, there is a real-valued irreducible character 0 of II with ~ (8) ~ I and (8, , A) 0. It is clear that 0 has degree 2 and so 6'.., 1-m h 2 A. We use the characters 19 to construct real-valued class functions + satisfying 4(h) + 0. The rest of the proof follows that in [6] . The next result shows how strongly real elements behave with respect to irreducible characters of F-S invariant -I. LEMMA 4.2. Let h be a strongly real element of the group G. Then tf x is a real-valued irreducible character of G with e(x) = -1 and F is a representation of G with character x, each distinct eigenvalue of F(h) occurs with even multiplicit~v. In particular, x(h) = 2c, for some algebraic integer c.
Proof.
Let u be an involution that inverts h. Let H be the dihedral subgroup of G generated by h and u. Any irreducible character 0 of H satisfies ~(0) = 1. It follows that 6' must occur with even multiplicity in xH . This proves our contention.
Even if h is a weakly real element of odd order, it is usually the case that x(h) == 2c, for some algebraic integer c, unless we are in the situation described in Theorem 4.1. THEOREM 4.3. Let x be a real-valued irreducible character of the group G that satisfies c(x) = -1. Suppose that there exists a real element h of odd order for which x(h) ;: 2c for any algebraic integer c. Then h is weakly real and zf U is a Svlow 2-subgroup of C*(h) and V is a subgroup of index 2 in U that centralizes h, (i/V' does not split over V/V.
Proof. That h is weakly real follows from Lemma 4.2. Let H = AU, where A is the cyclic subgroup generated by h. Since x(h) # 2c, there must be a realvalued irreducible character $ of H with (xH , +) an odd integer and 4(h) =# 2d. Now h cannot be in the kernel of 4, so 4 = (M)H, where /\ is a nontrivial irreducible character of H and 0 an irreducible character of 17. We observe that 4(h) ~z Q( 1 )@(h) + @)); since 4(h) # 2d, 0 must be linear. Thus 0 can be considered to be a character of V/V'. Furthermore, V' is contained in the kernel of C$ and so C$ can be considered to be a character of H/V'. H/V' has a normal Abelian subgroup AV/V' of index 2. Since l (4) = -1, we see from [S, Proof of 1 I .7, p. 641 that H/V' cannot be a split extension of AV/V', as required.
If we take into account 2-singular elements, the method of induced characters that was applied in 4.1 can still be used to show the existence of characters of F-S invariant -1 in circumstances not covered by Theorem 4.1. THEOREM 4.4. Let h be a weakly real 2-regular element of the group G. Suppose that C*(h) has a generalized quaternion or semidihedral Sylow 2-subgroup of order at least 32. Then G has real-valued irreducible characters of F-S invariant -1.
Proof. We begin by assuming that C*(h) has a generalized quaternion Sylow 2-subgroup.
Let U be a Sylow 2-subgroup of C*(h) and let V be a Sylow 2-subgroup of C(/l) contained in CT. If 1. is cyclic, Theorem 4. I shows that our theorem is true. Thus we can suppose that I' is also generalized quaternion. Let =1 he the cyclic subgroup generated by h, with 1 A-2 = 2rt ~-1, and let Zrl = . However, 111 is a subgroup of C*(h) and so the 2-part of M equals the 2-part of 1 N 1. Thus p(c+z) = /?(a $ 01-l) where /3 is some algebraic integer with 13 f 0. Similarly we have p('u'Iz) =-= /3(ti' + K') for each odd integer Y. We turn to showing that some pi = uiG contains a real-valued irreducible character x of G with odd multiplicity.
We must have c(x) = c(uJ = -1 for such a character. Certainly if x is an irreducible character of G with c(x) = 1, x occurs with even multiplicity in each pi Similarly if x is an irreducible character that is not real-valued, x and R both occur with the same multiplicity in pi , since pi is real-valued. For such characters that are not real-valued ~(arh) = x(zI~/z). Thus if we suppose that pi contains no real-valued irreducible character with odd multiplicity, we have p,(vrh) = 2ci,, for some algebraic integer cir . It follows that p(vrh) = 26, , for some algebraic integer 6, , if none of the pi contains a real-valued irreducible character with odd multiplicity.
We have then p(v%) = /3(a' + a-') = 2b,.
But (a! $ a-l )(a" + a-") ... (01~~ + a+) = -2, w h ere s = 2"-r -1. It follows that -2fiZm-' = 23"-26163 .t. b, . This implies that p2m-a = 0, which is not the case, as /3 + 0. We have reached a contradiction and so it follows that G has realvalued irreducible characters of F-S invariant -1. We turn to the case where U is semidihedral. Let C' be a Sylow 2-subgroup of C(h) contained in U. Since h is weakly real, I/ must be dihedral. Let 0 be any faithful irreducible character of 17; Q extends to a character of U that is not realvalued. It follows from Lemma 2.2 that if h is a nontrivial irreducible character of d. then (M) H is a real-valued character of H with F-S invariant -1. We can now proceed exactly as in the first case. This completes the proof. n'otes. It is not hard to see from the proof of Theorem 4.4 that there is a real-valued constituent of p that has F-S invariant -1 but is not 2-rational. Thus by taking algebraic conjugates, we obtain more irreducible characters with invariant -1 (the number of conjugates is / k-l/S). The proof developed here breaks down when the subgroup U has order 16. However, it seems probable that calculations of suitable inner products of the form (pH , x), where x is an irreducible character of H, can be used to show that not all real-valued irreducible constituents of p can occur with multiplicity equal to twice an algebraic integer. Thus the same conclusion should hold in general. It should also be noted that a similar proof can be used to show that if G is any group with a generalized quaternion Sylow 2-subgroup of order 16 or more, then G has real-valued irreducible characters with F-S invariant -I. The proof can be modified to yield the same conclusion if the Sylow 2-subgroup is quaternion of order 8.
If we combine Theorems 2.4 and 4.4, we obtain the next result. It probably holds without any restriction on the order of the Sylow 2-subgroup. The theory of real 2-blocks, as described by Brauer in [2, Sect. 81, provides a setting for some of the results in the previous sections, as we will now explain. Certain of our findings apply to arbitrary 2-blocks, so we have included these as well. To begin with, we recall some of the essential features of block theory.
Letp be a prime and let B be ap-block of characters of G. If x is an irreducible character in B, there is a corresponding character w defined on the center of the complex group algebra by w(E) = 1 K j x(g)/x(l).
where fi is the sum of the elements in the conjugacy class K of G and g is a representative of K.
In future, we will write w(g) for w(k). The w(g) are algebraic integers and thus we can consider their values modulo some maximal ideal in a ring of p-local integers. Two irreducible characters x1 and x2 are in B if and only if their associated central characters wr , wz satisfy q(~) .= w,(g) = w(g) for all g in G.
Ifp" is the p-part of j G 1 and pn md is the highest power of p that divides the degree of each irreducible character in B, d is said to be the defect of B. There is also a set of conjugacy classes of G, called the defect classes of B. If K is a defect class of B and g is a representative of K, we have w(g) x&l)
7: 0, where x is an irreducible character in B whose degree is not divisible by pammcf. If B contains the irreducible characters xi there is a corresponding block B', called the contragredient of B, which consists of the complex conjugates of the xi . The block B is said to be real if B == B *. We observe that B is real if and only if w(g) = w(g-') for all g in G. It is not hard to see that if B contains a realvalued irreducible character, then B is a real block. We will show that the converse statement is true if B is a real 2-block. This fact is one feature of what appears to be a reasonable theory of real 2-blocks. It is shown in [3, 62. 11 that 0 is a generalized character of G whose irreducible Let m be the odd part of x( 1) and let C: be a Sylow 2-subgroup of G. We have B(h) = 0 if h is a nonidentity element of CT and 8(l) = m 1 Cr j. It follows that Bt. = mp, where p is the regular character of Cr. Thus if lt. is the identity character of U, (B,, , It,) = m. Let 0 = x aixi be the decomposition of 8 into irreducible characters of G belonging to B and let bi be the multiplicity of I cr in (x~)~ . We have xi aibi = M. Since B is a real 2-block, 0 contains the complex conjugate of each of its irreducible constituents. Let xj be an irreducible constituent of 0 and let X~ be its complex conjugate. We have bj = b, and aj I a, since xj and xii both have the same height in B. Thus by pairing each nonreal irreducible constituent of 8 with its complex conjugate, we obtain xi nib, & aibj -1, where the second sum extends over real-valued irreducible constituents of 0 of height 0. There must be a real-valued irreducible character xi of height 0 in B with the corresponding bj odd. Moreover, we can choose xj to be 2-rational, since 2-conjugates of characters in B also belong to B and their restrictions to ?J contain 1 c, with the same multiplicity. Now xj occurs in I uG with odd multiplicity.
It follows from general results that the Schur index of ,y, over the rationals is coprime to 2. However, as xj is real-valued, the BrauerSpeiser theorem [4] ' pl' im ies that the rational Schur index is 1 or 2. Thus xi has Schur index 1 over the rationals and the proof is finished.
Calculation of the number of irreducible characters in a p-block has proved to be difficult. For the prime 2, some simple divisibility criteria are available. 
Let d be the defect of B and let xi ,..., x1 be the irreducible characters in B. Let U be a Sylow 2-subgroup of G. The block orthogonality relations [7, 15.23, p. 2731 show that & Xi(l) Xi(U) = 0 if u is a nonidentity element of U. It follows that x x(1) xi is a multiple of the regular character p of c'. As 2a-d divides each xi(l), we have 1 xi( 1)~~ = c2"-"p, where c is some integer. Thus C xi( 1)" = c2za-d.
Suppose now that the notation has been chosen so that x1 ,..., xs are the irreducible characters of height 0 in B, and xs+i ,..., xr those of height 1. Let x<(l) == 3°-dbj , where bi is odd, I :< i < s, and ~~(1) = 2a-cl;1cj , where C, is odd, s I-1 ;-j <I'. Substituting these values into the equality C xi(l)" = c22apd, we obtain where we have taken characters of height greater than 1 into account in the term .f 22a-2di 4. As d 3 2, 22a-2d i 2 divides 2 2amr7. It follows that 4 divides 2 bjZ. Kow if w is an odd integer, 20~ +: 1 (mod 8). Thus the sum of the squares of odd integers is divisible by 4 only if the number of summands is divisible by 4. This means that the number of characters of height 0 in B is divisible by 4, as required.
If the number of characters of height 0 in B is not divisible by 8, the term x bi" is not divisible by 8. It follows that if C/ is: 3, the term z cjy is odd. This means that there is an odd number of irreducible characters of height 1 in R. and hence an odd number of irreducible 2-rational characters of height I in Lz.
A simple application of the above ideas gives the next result. A general result of Brauer shows that if p is an odd prime, then the number of irreducible p-rational characters in a p-block is at least as large as the number of irreducible Brauer characters in the block. A similar result holds for the prime 2, but the proof is different. Proof. Let h, ,..., h, be representatives of all the 2-regular classes in G. By Theorem 3.1, there are t irreducible 2-rational characters xi ,..., xt in G with det xi(hj) $ 0, 1 < i, j < t. We can suppose that the notation has been chosen so that x1 ,..., x1, are in B but the remaining characters are not in B. We observe that the (t -z) x t matrix xa(hj), v + 1 -<k.<t, 1 <j<t, has rank t-z: modulo P. It follows that there must be t -21 irreducible Brauer characters &,+r ,..., & which are modular constituents of xr+r ,..., xt such that &(hj), v + 1 .< k :G t, 1 <j < t, also has rank t -v modulo P. These Brauer characters belong to blocks different from B since the t -v ordinary characters do not belong to B. Thus G has at least t -v + u irreducible Brauer characters. Since the number of irreducible Brauer characters is t, we have u < a. By considering the distribution of the remaining irreducible Brauer characters among the blocks of G, we find that we actually have u = er.
We now assume that the hi are numbered so that det xi(hj) + 0, 1 52 i, j < II. The argument of Theorem 5.1 applied to an arbitrary 2-block shows that there is We see from this that x1 ,..., xI cannot be the only 2-rational irreducible characters in B. For if this is so, the fact that det xi(h.) 3 E$ 0 forces the conclusion that x(gm) ZE 0 for any irreducible %-rational character x in B. This contradicts our finding that &gm) F 0. Thus B has at least u + 1 irreducible 2-rational characters.
Returning to the subject of real 2-blocks, we show next that a real 3-block has a real defect class. The identity class will serve as a real defect class for the principal block, so we can restrict our attention to blocks other than the principal block. is an odd integer, the sum ranging over 2-regular elements in G. If g, ,..., gt are representatives of the 2-regular classes in G, we have c =--Pdx(l)il G I) i w&i) xki).
i=l Since Yx( I)/~ G ~ is a 2-local integer, we must have C:=, w(gJ x(gi) + 0. We know that w(g) x(g) c 0 unlessg belongs to a defect class for B. Moreover, w(g) x(g) = w&l)
x(g-') as x is real-valued. Thus, pairing each nonreal defect class with its inverse, we obtain where the sum now extends only over real defect classes. Thus B has at least one real defect class. We have to show that this is not the identity class.
Let us suppose on the contrary that the identity class is the only real defect class for B. It follows that B has maximal defect and that x has odd degree. Since B is not the principal block, 1 G does not belong to B and so (0, I(;) = :. 0. Thus vvc have the sum extending ol-cr 2-regular elements of G. Thus we have A term I satisfies w(g?) y 0 unless gi has maximal defect. If g, has masimal defect and is not the identity, gj is not real. Thus we obtain 'I'his contradicts our previous deduction. Thus there is a nonidentity real defect class for U, and the defect of R is not maximal. This completes the proof.
If l3 is ;r real 2-block and g is an element belonging to a real defect class for 13, we can think of a Sylow 2-subgroup of C*(g) as an extended defect group of R. It seems reasonable to ask if the extended defect groups, corresponding to different real defect classes, form a single conjugacy class of 2-subgroups. \5'e have been unable to answer this question, but examination of some examples suggests that the conjugacy may indeed occur.
We have seen that a real 2-block always contains a real-valued irreducible character of height 0 and F-S invariant 1. Necessary and sufficient conditions for a real 2-block to contain an irreducible character of height 0 and F-S invariant ~~ 1 can bc found from the results of Section 4. 'I'HEOREM 5.6. Let B be a real 2-block with deject group E,.. I,et h be a11 element of a real defect class fol B with defect group l". Let U be a Sylow 2-subgroup of P'(h) contairzing T!*. Then B contains a real-valued irreducible character of height 0 and F--S invariant --1 if and only if CT/ I,-' does not split over r/i I rr.
Pmf.
Let h g, (...) g, be representatives of the real 2-regular classes satisfying the hypotheses of Theorem 4.1. There exist real-valued irreducible characters x1 ,..., xr, each of F-S invariant ~ 1, satisfying det x,(/z,) -I-0. 1 ,_ ;..i I'. 'V\:e will show that at least one of the ,y, is a character of height 0 in B. Conversely, if B has a real-valued irreducible character x of height 0 and F-S invariant -~ I, x(h) + 0, since h belongs to a defect class for B. Theorem 4.3 shows that l!/ V' does not split over V/V'.
REAL-VALUED CHARACTERS AND NORMAL SUBGROUPS
In this section we use well-known results and terminology from the Clifford theory of irreducible characters. Let N be a normal subgroup of the group G and let 0 be an irreducible character of A7. We say that 0 belongs to a real G-orbit of characters of JV if there is some g in G with 0" = 8. We define the extended stabilizer T of 0 to be the subgroup T = {g in G : 0" = t9 or 0;.
Consider now a real-valued irreducible character x of G. By Clifford's theorem, the irreducible constituents of xN are the members of some G-orbit of characters of K. Since x is real-valued, this orbit must be real. Let 0 be an irreducible constituent of xN , appearing with multiplicity Y, and let S be the stabilizer of 0. Again by Clifford's theorem, there is an irreducible character 4 of S such that dc = x and +, = r0. Moreover, if 4 is any irreducible character of S that satisfies (4, , 8 ) # 0, 3" is irreducible, and if & , #a are any two such characters of S, #r" = $a" only if & = $a [7, 6.11, p. 821 . Using the above notation, we have the following result, whose proof is straightforward and therefore omitted. The number of real orbits of irreducible characters of IY can easily be characterized, as the next lemma shows. The proof follows easily from Brauer's permutation lemma. LEMMA 6.2. Let R be a normal subgroup of the group G. The number qf real G-orbits of irrea'ucible characters of N equals the number of real classes of G that belong to J\-.
We wish now to obtain more detailed information about the real-valued irreducible characters of a group and the real orbits of irreducible characters of a normal subgroup of odd order. The methods that we use are related to problems in the theory of real 2-blocks. We begin with a lemma of a general nature. LEMMA 6.3. Let M be a subgroup of the group G and let H be u real-z:alued irreducible character of M. Suppose that x =-BG is an irreducible character of G. Then if h is a real element of odd order in G that satisfies x(h) TZ 0, A4 contains a conjugate of a Sylow 2-subgroup of C*(h).
Proof.
Let U be a Sylow 2-subgroup of C*(lz) and let G = Ug,M + ... + Ug,M be the decomposition of G into U, M double cosets. Let 1 7,kJl 1 aj ~ AI 1. We will show that there is some ai which is odd, and thus equals 1. This will imply that a conjugate of U is contained in M.
We have x(h) = C ab'(gi'hg& where the sum extends over those indices for which g;'hg, is in M. Since x(h) + 0, we see that there is at least one index i for which ai is odd. This gives the required result.
We consider next a normal subgroup N of odd order in G. We seek to relate the Sylow f-subgroup of the extended centralizer of a real element in N to the Sylow 2-subgroup of the extended stabilizer of an irreducible character of N in a real G-orbit. Our methods are based on a paper of Wada [8] .
THEOREM 6.4 . Let N be a normal subgroup of odd order of the group G. Let n, ,..., n,. be nonconjugate real elements in N. Let Ui be a Sylow 2-subgroup of C*(q) and Vi a Sylow 2-subgroup of C( n i) contained in Ui . Suppose that V = V, is conjugate to each Vi , 1 < i < r. Then there exist Y real-valued irreducible characters x1 ,..., xr of G that belong to r distinct 2-blocks, each having defect group V. The xi satisfy det Xi(nj) + 0, I < i, j < Y. Moreover, for each xi there is an irreducible constituent Bi of (x~)~ whose extended stabilizer has Svlow 2-subgroup ui .
Proof. We define class functions Bij on G by eij = 2 x&i) x&j) xkixdl), Since the ni are real, we have xk(ni) = x,(ni) and q(n,) = c&(q). Thus we obtain I G : W 1 sij f C w,(n,) xm(nj), r?L where the sum is taken only over real-valued characters xm with a(x,) odd. We can also neglect those characters xm for which w,(ni) = 0, 1 < i < r, since these characters contribute nothing to the sum modulo P. Let us suppose that there are t irreducible real-valued characters x?,~ with a(x,) odd and not all w,(q) = 0.
R. GOW
We can assume that these characters are x1 ,..., xt. Thus if E' denotes the Y Y t matrix w,,,(n,), 1 < i < Y, 1 < m < t, and if X denotes the t x r matrix x,,,(nj), 1 $l 111 .< t, 1 <j < Y, we have Since 1 G : W 1 is odd, both S and Y have rank Y modulo P.
By a suitable renumbering of the n, and the xi, we can assume that the P characters x1 , . . , x,. satisfy det Xi(nj) F 0, 1 :< i,j < , and xi(ni) + 0, 1 < i < Y.
If we have ui(ni) = 0, it follows that 1 Ki l/xi(l) E+C 0, where Ki is the class of G containing ni . Since the same power of 2 divides each 1 Kj j, 1 ,( j < r, each wi(nj) = 0, 1 < j < r. However, we have omitted all characters from the sum that satisfy this congruence. Thus we must have w!(nJ + 0 as well. From the theory of blocks, we see that xi belongs to a block B, with defect group I; and that xi has height 0 in Bj . Since the characters x1 , .., xr are independent on A', it is not hard to see that they belong to r different blocks B, ,..., B, .
Let Bi be an irreducible constituent of (xi)*, . Since xi is real-valued, CIi belongs to a real orbit of irreducible characters of N. By Lemma 6.1, there is a real-valued irreducible character oi of the extended stabilizer Tj of 19~ that satisfies uiG =: X, .
We know that xi(ni) + 0 and so 6.3 shows that a conjugate of Ui is contained in T, . We also observe that if (0, , (x?)~) _ c, the degree of oi is 2cBi (I) . Since Bi and all its conjugates occur c times in (x~)~, , we have xi(nJ = CCX, for some algebraic integer 01. However, x,(n,) + 0 and so c is odd Sow xl(l) == I G : T, I a,(l) = 2 I G : T, 1 ctii(l) and thus the 2-part of x<(l) is twice the 2-part of I G : T, . However we know that the 2-part of xi ( 1) is the 2-part of 1 G : I-'. It follows that a Sylow 2-subgroup of Tj has the order of CTi and thus some conjugate of Ui is a Sylow 2-subgroup of Ti . By changing if necessary to some conjugate of tii , we can assume that Ui is a Sylow 2-subgroup of Ti , as required. This completes the proof.
REAL-VALUED CHARACTERS OF 2-NILPOTENT GROUPS
In this final section we combine results from Sections 2 and 6 to investigate the real-valued irreducible characters of '-nilpotent groups. As a consequence, we obtain some new solutions to Brauer's problem of characterizing the number of irreducible characters with F-S invariant I. We assume a knowledge of Glauberman's character correspondence for relatively prime operator groups, an exposition of which is given in [7, Chap. 131 .
Let G be a 2-nilpotent group and let N be a normal 2-complement of G Let B be an irreducible character of N that belongs to a real G-orbit Let S be the stabilizer of 0 and let T be its extended stabilizer. Since N is a normal Hall subgroup of G, 0 can be extended to a character 4 of S. The extension 4 can be chosen so that + is 2-rational and also so that det ~,4 = I for all 2-elements of S (this means that if F is a representation of S with character 4, det F(h) = I for all 2-elements h of S). We say that 4 is the canonical extension of 0 to S, for it is the unique extension of 0 with these properties. It is clear that 41 is the canonical extension of 8. Since for g in T -S, 8" = 8, we must have 4" = $ by the uniqueness of 4. It follows that 4' is an irreducible real-valued character of T and x = I#" is an irreducible real-valued character of G. We will call $r the canonical real extension of 6' + 0 to T Our next result gives more numerical details about the character 4'. 
Proof.
Let U denote the cyclic subgroup of T generated by x and let I,* be the subgroup of S generated by x2. Let 4 denote the canonical extension of 0 to S. Since 4" is rational-valued and has odd degree, it must contain a rational-valued irreducible character of V with odd multiplicity.
The determinant condition on 4 forces this character to be the trivial character of l'. Since pa = (4v)L', it follows that pU contains the trivial character of U an odd number of times. An argument used in Theorem 5.1 shows that p has F-S invariant 1 (indeed, p has Schur index 1 over the rationals).
We will now assume that T = NC', S = NC'. Let h be an irreducible character of SjiV. The character +h is an irreducible character that extends 0, and (4h)r is an irreducible character of T; (+h)7 is real-valued if and only if h is realvalued. Moreover, if /\r , /\a are distinct irreducible characters of S/N, (+h,)T and (+A,)* are distinct. Our next intention is to show that if /\ is a nontrivial realvalued character of S/N, then (+A)' has F-S invariant -I.
We have & p(P) = ) T 1, as C(P) = I. As the kernel of h has index 2 in S, we have (W(t') = 4T(t2) = &">, if t is in S. If t is in T -S, t can be written in the form t = x*n, where r is an odd integer and n is in N. In this case,
as .+N is a generator of S/N. Thus
Since pLs = 4 + C$ is the sum of two irreducible characters that are not realvalued, Es ,u(S') = 0. It follows that xrPS ,u(P) = ) T ) and thus &(+A)r(t2) = -1 T /. This proves that the F-S invariant of (+A) T is -1 if X is a nontrivial realvalued character of S/K. Let us first suppose that s has order 2. The previous arguments have shown that As any element of 7' -S has the form KY, we obtain as required. We suppose nest that x has order 4 or more. We define a class function 0 on 7' by u = 1 @y&y, where the sum extends over all irreducible characters X of S/n:. We have We know that (+h)T is not real-valued if X is not real-valued, whereas ~(4') = 1 and Ed = -1, when X is a nontrivial real-valued character of S/N. Since for such a character h we have X(x2) = -1, we obtainx u(t2) = 2 1 T j. Let t = nxr be an arbitrary element of T, where n is in N. We have u(P) = c X(x2)(4(P) +&ty> X(x2') A =: p(P) c X(x2) qq. ,4
If x2 -f P, the orthogonality relations for characters of S/N give x @x2) A(.??') = 0.
If Y* :I= y2r we obtain * -, c X(x2) h(P) = / s : N 1. We obtain a(.~) = 2 / N /. As x E T -S, we have +(xtx-') = B(t) for all t in S.
Thus for n in N However z d(n-l~-l)~ = C +(nx-1)2, N since e-l runs over the elements of N as n does. Thus and so CX(.C') + i/3(x-') = 01(x) + $3(x). This yields /3(x) = p(x-I), as required.
Let us now review what we have proved so far. We take 0 to be an irreducible character of N in a real G-orbit. S denotes the stabilizer of 0 and T denotes the extended stabilizer. If 4 is the canonical extension of 0 to S, 4' is a real-valued irreducible character of T and E(c#?) = 1. Moreover x = c$" is a real-valued irreducible character of G and E(X) = .c($') = 1. We also know that if 0 is any irreducible character of S/N, considered as a character of S, (4~)" is irreducible. Thus (&r)' is irreducible and 6.1 tells us that (+)" is real-valued if and only if (4~)' is real-valued. Let U be a Sylow 2-subgroup of T and V a Sylow 2-subgroup of S contained in U. We can consider u to be an irreducible character of V. Our next result shows that the F-S invariant of ($u)* (and hence of (4~)") is determined by the value of ~(a).
formula for the number of irreducible characters of G with the qi\-en invariant can be seen to hold. This completes the proof. Theorem 7.4 is rcallv only a reduction of a problem concerning the '-nilpotent group G to a problem concerning certain 2-subgroups of G. 'I'his suggests that Brauer's problem of characterizing in group-theoretic terms the number of irreducible characters with a given invariant is ultimateb. a problem about characters of 2-groups. If we select some special types of Sylow 2-~ub~1~oul~ of G, we can gii-e solutions of Brauer's problem that are intelligible in :ri~ul+theoretic terms. \Ve begin by proving a lemma.
Proof. Let 1. be a subgroup of index 2 in 1. that centralizes il. If il is strongI!-real, H splits o\er Ad I-and the result follows from [5, 11.7. 13. 641 . If /I is not strongly real, I. does not split over I'. By -. 3 2, the number of characters s of fI with the stated property is the number of nontrivial real-valued irreducible characters of I' that extend to characters of C: that arc also real-Aued. This is easily seen to be half the number of real-valued irreducible characters of I -. Duality for the characters of Abelian groups shows that the latter number is (21' -1 I)k.
W'e can give a solution to Brauer's problem for a 2-nilpotcnt group with an Abelian Sylow 2-subgroup. THEOREM 7.6. Let G be a 24lpotent group with an -Jbelia?l S~~lozs 7-.subg~up. The number of reakalued keducible clzaractevs x of G satisJ\?iq e(h~) I is the sum of the number of strongly Teal classes in G and haIf the number ~!f 2-cealz!\l real classes in G.
Proof. Let h,, = 1, lz, ,..., h, be representatives of the real 2-regular classes in G. Let lTi be a Sylow 2-subgroup of C(k,) and let Cyi be a Sylon-2-subgroup of C*(h() containing I/i . Thus C',, = I), is a Sylow 2-subgroup of G. If u is an involution of C; , uh, is a real element of G and it is strongly real if and only if h, is strongly real. Noreover, if u and o are distinct involutions of l-, 1 t~h, and z,ki are not conjugate (this is because G is 2-nilpotent). We also ohser\-e that any real element of G is conjugate to some element of the form uhj , where u commutes with hi , u2 = 1. Thus if Vi contains wi involutions, the number of real classes of G is ~~=a ( 1 -: sci) . Moreover if we assume that the hi are numbered so that
